Lecture-08: Distribution and renewal functions

1 Convolution of distribution functions

Definition 1.1. For two real-valued functions F,G € RR the convolution of F and G is denoted by

F %G € RR defined as (F x G)(x) & Jyer F(x —y)dG(y) for each x € R.

Lemma 1.2. Convolution is a symmetric and bilinear operator over functions F,G € RR such that
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Proof. We note that for any F,G € RR satisfying (T).
(a) Symmetry. We will show that F x G = G * F. To this end, exchanging order of integration from
Fubini’s theorem for absolutely integrable functions and changing variables, we obtain

/ye]RF(x—y)dG(y):/ye]R/ugx_de(u)dG(y):/ue]RdF(u)/ygx_udG(y):/uEIRdF(u)G(x—u).

(b) Bilinearity. Let F € (RR)" and G € (RR)™ be two finite sequences of absolutely integrable functions
and a« € R", B € R" be two finite vectors, then («,F), (8,G) € RR satisfy (I), and we have

(a0, F) % (B,G) = ( 1 aiFy) * ( 2]5/‘@]’) = ,Z[l] ,Z[l]“iﬁj(ﬁ‘ *Gj)-
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This follows from the linearity of integration in its arguments.

Definition 1.3. We denote the set of all distribution functions over R as M (R).
Lemma 1.4. Let F,G € M (R), then the convolution F x G € M (R).

Proof. It suffices to show that the function (F * G) is (a) right continuous, i.e. lim, | (F * G)(x,) exists,
(b) nondecreasing, i.e. (F* G)(z) > (F* G)(x) for all z > x, and (c) having left limit of zero and right
limit of unity, i.e. limy_o(F * G)(x) = 0,limy_,o(F * G)(x) = 1. Part (a) and (c) can be verified by
exchanging limit and integration using monotone convergence theorem. Part (b) can be verified from
monotonicity of integration. O

Lemma 1.5. Let X,Y be two independent random variables defined on the probability space (Q),F,P) with
respective distribution functions F,G € M_ (R.), then the distribution of X + Y is given by F * G.

Proof. The distribution function of sum X + Y is denoted by H € M (R) where H(z) £ E1 (X+Y<z) for
any z € R. It follows from the tower property of conditional expectation and independence of X and Y
that

H(z) = E[E[1{x y<zlc(V)]] = E[F(z = Y)] = /yGRF(Z —y)dG(y).
O

Definition 1.6. Consider a real valued random walk S : Q — RN with i.i.d. step size sequence X : QO —
RN, defined as S,, & 1 X for all n € IN. We denote the distribution of X; by F and the distribution of
Snby Fy,ie. F,(t) £ P{S, <t} forallt € R.

Remark 1. The distribution F;, is computed inductively as F, = F,,_1 * F for all n > 2, where F; = F.

Remark 2. For a renewal sequence S : Q — RN with i.id. inter renewal time sequence X : QO — RY
having a common distribution F € M (IR.), the distribution function of the nth renewal instant S,, is
the n-fold convolution F,; of the distribution function F.



Remark 3. For a delayed renewal sequence SP with first renewal time distribution G and common
distribution F for subsequent inter renewal times, the distribution function of the nth renewal instant
SD is G * F,_1. The marginal probability mass function for delayed renewal counting process N at
time ¢ is

P{NP = n} = P{s,’f < t} - P{s,?+1 < t} = (G % Ey_1)(t) — (G % E) (1),

Example 1.7 (Poisson process). Consider a renewal sequence S with i.i.d. inter renewal times X
having a common exponential distribution F € M. (R..) defined as F(x) 21— ¢~*¥ forany x € Ry
and rate A € R ;. We will show by induction that the distribution of nth renewal instant at any time
te 1R+ is
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We first observe that the statement holds true for base case of n = 1, since F; (f) = fot Ae~Mds =
1—e M =F(t) forall t € R. We assume that the hypothesis holds true for step # — 1, and compute
F, = F,,_1 * F written as
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Fu(t) :/: F(t —s)dF;—1(s) :AH/ (e _ew)d(nfl)!
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The equality in the second line of the above equation follows from the integration by parts.

2 Renewal functions

Definition 2.1. Mean of the counting process N : () — Z]E+ is called the renewal function denoted by
me IRE* defined by m; 2 E[Ny] for all t € R ..

Proposition 2.2. Renewal function m for a renewal sequence S is given by m;y =Y, o Fa(t) for each t € Ry,
where the distribution of renewal instant S, is denoted by F, € M (R4.) for each n € IN.

Proof. Using the inverse relationship between counting process and the arrival instants, we can write

my=E[Nj =Y P{Ny>n}= ) P{Su<t}= ) Fu(t)

nelN nelN nelN

For the second inequality in the above equation, we observe that EN; = E}_,,cn Y1 L{n,—m}- Switch-
ing the order of summations and using monotone convergence theorem to exchange expectation and
infinite sum, we obtain EN; = EYen Cinzn Lin=m} = EXnenN LiN,zn} = Lnen P{N: > n}. O

Example 2.3 (Poisson process). Consider the renewal sequence S : O — RIY with i.i.d. inter renewal
times X : Q — RY having a common exponential distribution F € M (R;) defined as F(x) =
1—e M forany x € Ry and rate A € R, The associate renewal function with this renewal sequence

i me=y, Fn(t):/ot)\(e_)‘s Y (/\:!)n)ds:/ot)\ds:/\t.
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Corollary 2.4. The renewal function mP € ]RE+ for a delayed renewal sequence SP : Q0 — RN with distribution
G € M (Ry) for the first renewal instant Xy and common distribution F € M (R..) for inter renewal times
Xy for n =2, is given by mP = G + G x m.

Proof. From the symmetry and linearity of convolution and m = Y, Fy, we can write the renewal
function for the delayed renewal process as mP = ENP =Y, cn(G * F,_1)(t) = G(t) + (Gxm)(t). O

Remark 4. 1f G = F, then we have the identity m = F + F x m.



3 Laplace transform of distribution functions and renewal functions

Definition 3.1. The Laplace transform £ : RR — C€ for a function f € RR is a map £ fE CC defined for
all s € C such that ‘Lf(s)‘ <oo,as Lf(s) £ fyeme’sydf(y).

Remark 5. Laplace transform for the distribution function F € M (R) for a random variable X : ) — R
is given by Lf(s) = Ee X,

Lemma 3.2. The Laplace transform of convolution of two distribution functions is product of Laplace transform
of individual distribution functions, i.e. if F,G € M (R) are distribution functions, then Lr.c = LrLg.

Proof. Let F,G € M (R) be two distribution functions, then d(F * G)(x) = fyeIR dF(x —y)dG(y) from
exchange of limits and integration using monotone convergence theorem. Applying Fubini’s theorem

to change order of integration of nonnegative integrands, we obtain

Srgls)= [ e [ dF(x—ydGly) = [ eaGl) [ e VdF(x—y) = LrLe.
x€R yeER yeER x—yeR

Alternatively, consider two independent random variables X,Y with distributions F,G respectively.
Then the distribution of X + Y is F * G and Lr,¢(s) = EeS(X+Y) = Ee—5XEe—sY = (LpLg)(s) for any
s € C such that |Lp(s)||Lg(s)| < oo. O

Remark 6. Consider a renewal sequence S : O — R with i.i.d. inter renewal time sequence X : QO — RN
having a common distribution function F. The Laplace transform of the distribution of nth renewal
instant S, is £, = L. For a delayed renewal sequence S with distributions G and F for the first and
the subsequent inter renewal times, the Laplace transform of the distribution of nth renewal instant S,
is Lgup, | = Lol L

Corollary 3.3. The Laplace transform of the renewal function is Ly, = ﬁ—ﬁp defined for each s € C such that
|LE(s)| < 1.

Corollary 3.4. The Laplace transform of the delayed renewal function is £,,p = 157& defined for each s € C
such that |Lp(s)| < 1.

Example 3.5 (Poisson process). The Laplace transform of an exponential distribution F € M (R.)
defined as F(x) 21 — ¢~ for x € R; and rate A € R is given by Lr(s) = /\%rs for R(s) > —A.
Consider a renewal sequence S with i.i.d. inter renewal times having the common exponential
distribution F. The Laplace transform for the distribution F,; of nth renewal instant is given by

n
Lg (s) = (1 + %) for all s € C such that —%(s) < A. The Laplace transform for the renewal
function for renewal sequence S is

_ Lp(s) A .
Lm(s)—m—gforallse{rett. R(r) <A<|A+71]}.
That is, if s = 0 + jw for o,w € R, then —o < A and A2 < (A +0)? + w?. We observe that it suffices
thato >0orw > A.

—n
Exercise 3.6. Let Lp,(s) = (1 + %) be the Laplace transform for the distribution function F,

for the nth arrival instant of a Poisson process with rate A > 0.
(a) Find the region of convergence for {r, .
(b) Invert Laplace transform L, to obtain the distribution function F;.

Proposition 3.7. For renewal sequence S with i.i.d. inter renewal times having positive common mean EX; > 0,
the renewal function is bounded for all finite times.



Proof. Since EX; > 0 and X > 0, it follows that P{X; =0} < 1. From the continuity of probability,
there exists « > 0 and € (0,1), such that P{X,, > a} = . We define a map g, : Ry — {0,a} such that
gu(x) = alyys,) forall x € Ry. We observe that gu(x) < x. We can define bivariate random sequence
X:Q — {0,a}N where X, £ ¢,(X,) for all n € N. It follows that X is i.i.d. with probability mass
function P{X; =0} = P{X; <a} =1— Band P{X; = a} = B. Further, since g (x) < x, it follows that
Xy < X Itfollows that S, £ Y7 | X; <Y, X; =Sy, and hence {S, <t} C {S, <t} foreachn € N and
teR;. Let N: QQ — ZE* denote the renewal counting process with i.i.d. inter arrival time sequence

X:Q — {0,a}™ with arrivals $: O — {da :d € Z, }N at integer multiples of «. Then, it follows that for
all sample paths and all times t € R,

Ni= ) Is,en < ) Ly, = Ne
nelN nelN

Hence, it follows that m; 2 EN; < EN;, and to show finiteness of m; it suffices to show that renewal
function 11; = EN; associated with quantized inter renewal time is finite at any time ¢ € R..

We observe that {No =g} = {Ng =19, Ny >1} = N, {X; =0} N {X,;,+1 = a}. We define M; £
Yi—onjand observe that {5, — Sy =0} =N}, {X; = 0}. Hence, we write

{No = 1o, Ny = 711} = {No =119, Ny = 111, Npy > 1} = {S_MO = 0,5_M0+1 = lX} N {S_M1 = Dé,S_M1+1 = 206}

My _ My )
:m{Xizo}m{XMoJrl:“} ﬂ {ijo}ﬂ{XMl+1:0(}.
=1 i=Mo+2

We can write the joint event of number of arrivals n; at each arrival instant in ix for i € {0,...,k — 1}, as

k—1 k—1 k—1
N {Nie =ni} = [ {Nia =1} N {Nw 21} = () {Sm, = i, Spi1 = (i + D)o}
i=0 i=0 i=0

My k-1 M;j
:m{XiZO}ﬂ{XM0+1:{X}m ( ﬂ {XiZO}m{XMj+1 :(X}).

i=1 j=1 " i=Mj_1+2

It follows that the joint distribution of number of arrivals at first k arrival instants is

k=1 k-1
P (ﬁ {Nia = ni}> =1-p[IBa-pm
i=0 i=0
It follows that the number of arrivals is independent at each arrival instant kx and geometrically dis-
tributed over IN with mean 1/p for k € N and over Z with mean (1 — B)/p for k = 0 respectively.
Thus, forall t > 0,
HP &
p

EN; <EN; < < < 0.

=
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Corollary 3.8. For delayed renewal sequence with EX, > 0, the renewal function is bounded at all finite times.
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