Lecture-20: Uniformization of Markov processes

1 Alternative construction of continuous time Markov chain

Definition 1.1. Let Z : Q — X%+ be a discrete time Markov chain with the corresponding transition
probability matrix p € M(X)*. Further, we let v € R be the set of transition rates such that pyy = 0 if
vy >0.LetSy20and T: Q) — ]R]I;I be a random sequence, where T}, is a random variable distributed
exponentially with rate vz, and independent of (So, (Zo, T1),.-.,(Zn—2,Ty—1)). We define the nth tran-
sition instant S, Y1 T;. For any initial state Z; € X, we can define a right continuous with left limits
piece-wise constant stochastic process X : O — XR+ for each t € R} as

X =) Znals, | s0)(b)-
nelN

We define the counting process N : () — ZE* such that the number of transitions of process X in the
duration (0,t] for any time t € R is denoted by N} £ ¥,cn 1 {sn<t}- The history of the process until
time t is denoted by F; 2 0(Sy, (2o, Th),..., (ZN,, At)).

Remark 1. From the definition, any sample path of the process is right-continuous with left limits, and
has countable state space X.

Remark 2. A necessary condition for the process X to be defined on index set R, is that for each
t € Ry, there exists an n such that S, <t < S, 1. Thatis, P{N; < 00} = P{Se >t} =1forall f e Ry.
This is equivalent to P{Se =00} =1, or P{Se < 00} =0. Let w € {Se < o0}, then we can’t define the
process for t > Se. If the process X is regular, i.e. sup, vy < oo, then we can show that P {N; < oo} =
P{Seo >t} =1forallt € Ry.

Lemma 1.2. Consider the process X defined in Definition[I.1|and (s, t] a non empty interval of R .. Conditioned
on Xs, the increment Ny — N; of the counting process N is independent of Fs, and depends only on the duration
t — s of the increment. That is, for a historical event H € F; and state x € X,

P({N; — Ny =k} | {Xs = x} N H) = Pe({Nj—s = k}).

Proof. From the independence of inter-transition times, we know that Ty, ,; is independent of the his-
tory J5 for j > 2 conditioned on the process state X; = x. Hence for any historical event H € Js and state
x € X, we can write the conditional probability of increment N; — N; for t > s, as

Ns+k Ns+k+1
P({Nt—Ns:k}|{Xs:x}ﬂH):P<{YS+ Y Ti<t-s<Ye+ ) T,} |{Xs:x}ﬂH>
i=Ns+2 i=N;+2

Ns+k Ns+k+1
=P(SYs+ ) Ti<t—s<Yi+ Y Tip|{Xs=x}].

i=Ns+2 i=Ns+2

Further, from the memoryless property of an exponential random variable, the excess time Y distribu-
tion conditioned on J; is exponential with rate Vzy.s 1€ identically distributed to Ty, 1. Therefore, the
conditional distribution of (Ys, Tn,+2,.-., Tn,+k) given the current process state Xs = x, is identical to
that of the conditional distribution of inter-transition times (T1, T, ..., Ty) given initial state Xy = x. It
follows that

Ns+k Ns+k+1
P({YS—I— Z T, <t—s<Ys+ Z Ti}{Xs—x}>—Px{Nts—k}.

i=Ns+2 i=Ns+2



Proposition 1.3. The stochastic process X : Q — X®+ constructed in Definition is a time-homogeneous
continuous time Markov chain.

Proof. For states x,y € X, we can write the probability of process being in state y, conditioned on any
historical events H € JF5 as

PUXi =0} (X =2} N H) = T P =y N = N =k | (X =} N H),

From the construction of process X in Definition the conditional independence and time homo-
geneity of counting process from Lemma and Markov property of Z, we can write the conditional
probability for each k € IN, as

P({Xs =y, N~ No =k} | {Xe = x} N H) = P Zn 15 =y} | {Zn, = 2})Pu {Nozs = K} = P {Xoms = 9, Nis = K}.
Thus, we have shown the time homogeneity and Markov property for the process X. O

Theorem 1.4. A stochastic process X : Q — XR+ defined on countable state space X and having right continuous

sample paths with left limits, is a continuous time Markov chain iff for each transition n € N

(a) Conditioned on state Xs, | = x, the sojourn time Ty in this state is independent of random past Fs  and
exponentially distributed with rate vy, and

(b) jump transition probabilities pxy = Pry(Sy_1,5n) = Puy(0,T,) are independent of sojourn times T, and
Zy;éx ny =1

1.1 Generator Matrix

Theorem 1.5. For a reqular continuous time Markov chain X : Q — XR+, the generator matrix exists and is
defined for all x,y € X in terms of transition rates v € RY and jump transition matrix p € M(X)X, as

Qxx = —Vx, Qxy =VUxPxy, Y # X.

Proof. Recall that lim; o P(t) = I and Q = dl;—(tt) . Consider a fixed time + € Ry and states x,y €

X. For a regular continuous time Markov chain X : Q — X®+, we have {N; < 0o} = Uyez, {N; =n}
almost surely. Therefore, we can expand the (x,y)th entry of transition matrix in terms of disjoint
events {N; =n} as Py, (t) = Pu {X; =y} =Y ez, Px{Xi =y,N; = n}. We can write the upper and lower
bound the transition probability Pyy(t) as

1 1
ZPX{Xt:ert:n}gpxy(t)g ZPX{Xt:y/Nt:n}+Px{Nt>2}-
n=0 n=0

Since Ly = 1y}, we can write the probability of zero transition in time (0,] as Py {X; =y, Ny =0} =
Lyye~"*!. To compute the probability of single transition in time (0,t], we apply the tower property of
conditional expectation, to write

Px {Xt = y/Nt = 1} = ]]‘{x#y}]ExlE[]l{Xt:y,T2>t751,Slgt}|:Tsl] = (1 — Ix]/)pxy]EX]l{Slgt}e_Vy(t_Sl).

Since S is exponentially distributed with rate v, for Xy = x, we have [E, ]1{51<t}e—vy(f—51) = Wt fot ey —Vx)sy, ds =
(e—vxt_efvyf)

Ve Further, we have P {N; > 2} is of order o(f) for small ¢, and hence we can write
Puy(t) ~ Ly el 1 (et — e)
f :lexy T +prxyW(1 - Ixy)+0(t)
Taking limit as ¢ | 0, we get the result. O

Remark 3. A consequence of the above theorem is that for a regular CTMC, P {N; > 2} = o(t) regardless
of the initial state. That is, a regular CTMC can have at most one transition in an infinitesimal time. This
is one of the reasons that CTMC is a good model for multiple particle interacting system. Under this
model, the state of each interacting particle evolves as a CTMC, which implies that only one particle
can change state in an infinitesimal time.



Corollary 1.6. For each state x € X, the generator matrix Q € R™* for a pure jump continuous time Markov
chain X, satisfies

0< —Qyy < 00, 0< Quy <00, yeX\ {x} ZQxy:O.
yeX

Remark 4. For a homogeneous discrete time Markov chain with one-step transition probability matrix
p € M(X)%, we can write the n-step transition probability matrix p(") = p". That is, for any given
stochastic matrix p, we can construct a discrete time Marko chain. We can generalize this notion to
homogeneous continuous time Markov chains as well. Given a matrix Q € RX*¥ that satisfies the
properties of a generator matrix given in Corollary we can construct a homogeneous continuous
time Markov chain X : Q — X®+ by finding its transition kernel P : Ry — M (X)¥, by defining P(t) £
e!Q for all t € R ;. We observe that P(1) = ¢ and we have P(t) = P(1)! for all t € R... We need to show
that such a defined function is indeed a probability transition kernel. We will first show that such a
function P satisfies some of the properties of the probability transition kernel, and then show that P(t)
is transition matrix at all times t € R..

Theorem 1.7. Let Q € R**™ be a matrix that satisfies the properties of generator matrix given in Corollary
We define a function P: Ry — M(X)™ by P(t) = e'Q for all t € R... Then the function P satisfies the following
properties.

(a) P has the semigroup property, i.e. P(s +t) = P(s)P(t) forall s,t € Ry.

(b) P is the unique solution to the forward equation, dl;—tt) = P(t)Q with initial conditon P(0) = I.

(c) P is the unique solution to the backward equation, dl;—gt) = QP(t) with initial condition P(0) = I.

d*P(t) _ Nk
(@) Forall k € N, we have Geid| = QF.

Proof. Given the definition of P and properties of Q, one can easily check these properties. O

Theorem 1.8. A finite matrix Q € RX* satisfies the properties of a generator matrix given in Corollaryiﬂr
the function P: Ry — M (X)X defined by P(t) = e'Q is a stochastic matrix for all t € R ..

Proof. Sufficiency has already been seen before, and hence we will focus only on necessity. Accordingly,
we assume that Q € RY*¥ satisfies the properties of a generator matrix given in Corollary then we
will show that P(t) = ¢Q is a stochastic matrix. Recall that Q17 = 0 for all ones column vector 17, and
hence Q"1T = 0 for all n € N. Expanding P(t) in terms of expression for matrix exponentiation, we

write P(t) = [ + Yy 5y Q" This implies that P(t)17 =17. O

1.2 Transition graph

The weighted directed transition graph (V, E,w) consists of vertex set V = X and the edges being

E={(xy) €XxX:Qx>0y#x}.

The weights w : E — R of the directed edges are given by wxy, = Qxy = Vxpxy-

2 Uniformization

Lemma 2.1. Consider a homogeneous continuous time Markov chain X : Q — XR+ with transition matrix
p € M(X)X for the embedded Markov chain and identical positive holding rate v for all states x € X.

(a) The associated counting process N : () — Zﬂf' is a Poisson process with rate v > 0.

(b) The probability transition kernel at time t can be explicitly written as

P(t) = e vtU=p), €]

Proof. In this case, we can explicitly characterize the probability transition kernel P: Ry — M (X)* for
this continuous time Markov chain X in terms of the jump transition probability matrix p € M(X)*
and uniform transition rate v.

(a) Since the random amount of time spent in each state is 7.i.d. with common exponential distribution

of rate v, the associated counting process N : (3 — ZE* is a Poisson process with positive rate v.



(b) Since v > 0, it follows that N; is finite almost surely at any finite time € R . From the law of total
probability applied to almost sure countable partition ({N; =n} : n € Z ) of sample space (),

Py(t)= Y PANi=n}P({Xi=y} | {Xo=x,N;=n})= }_ pg;;)efudvt)”.

|
neZy neZy n:

This equation could also have been derived by observing that Q = —v(I — p) and P(t) = ¢'C.
O

Remark 5. Eq. (D) gives a closed form expression for P(t) and also suggests an approximate computation
by an appropriate partial sum. However, its application is limited as the transition rates for all states
are all assumed to be equal. It turns out that any regular Markov chain can be transformed in this form
by allowing hypothetical transitions from a state to itself.

2.1 Uniformization step

Construction 2.2 (uniformization). For any regular continuous time Markov chain X : QO — X®+ with
transition rates v € RY and jump probability transition matrix p € M(X)*, we can find a finite rate
V 2> sup, . Vx. We construct a continuous time Markov chain Y : () — XR+ with uniform transition
rates v for all states x € X, and jump probability transition matrix g € M(X)* defined for all states
x,y €X,as

A Vx Vx
T2 Tl + (1= 5) L=y
The process Y is called the uniformized version of process X. This technique of uniformizing the rate

in which a transition occurs from each state to any other state by introducing self transitions is called
uniformization.

Theorem 2.3. A regular continuous time Markov chain X and its uniformized version Y are identical in distri-
bution.

Proof. For the Markov process Y, the sequence of inter transition times T : QO — RY is independent and
identically exponentially distributed with positive rate v. Assuming the initial state x for the Markov

process Y, we define a random sequence of indicators ¢ : (O — {0, 1}]N as& =1 {¥s, #x} for each n € IN.
From the definition of uniformized process Y, we know that

Ux)i’l l]/x
v’

Pe(MISHE =0} & = 1) = % (L= ) = (1- %
We can define the number of transitions to exit state x, as T = inf {n € N : &, = 1} . It follows that con-
ditioned on Yy = x, 7 is a geometric random variable with non-trivial success probability 1 — gy = ** €
(0,00), and hence is a stopping time adapted to the natural filtration of embedded Markov chain for Y.
To show that the two Markov processes Y and X have identical distribution, it suffices to show that
(a) U £6. = Y.r_q T is distributed exponentially with rate vy, and
®) P{Yu =y} | {Yo = x}) = pxy.
To see (a), we observe that random sequence T and random variable T are independent, and hence we
can compute the Laplace transform of distribution of random variable U as

sTy —ELT _ v " n—1/1 _ _ (1—11xx)1/ _ W
E[[Te ™ 14| =Beh = & () 000 = oty = s

To see (b), from the Markov property of process Y, its embedded jump transition matrix being g, and
almost sure finiteness of stopping time 7, we observe that Py {Yy; = y} equals

Y P{Yu=yr=n}= Y P( N {Ys, =2} {¥s, =1}) = ¥ a5 0y = 1 = py.
neN neN neN Jxx

Lu

O

Remark 6. Any regular continuous time Markov chain X : O — X®+ can be thought of as being in a
process that spends a random time in state x € X distributed exponentially with rate v, and then makes
a transition to state y € X with probability g,. Then, one can write the probability transition kernel as

)"
ny quy v T
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