Lecture-27: Martingale: convergence and concentration

1 Martingale convergence theorem

Before we state and prove martingale convergence theorem, we state some results which will be used
in the proof of the theorem. Consider a discrete time filtration Fo = (F, : n € N).

Lemma 1.1. Consider a submartingale X : O — RN and a stopping time T : Q) — IN both adapted to a filtration
Fe. If there exists some N € IN such that P{t < N} =1, then EX; < EX; < EXjy.

Proof. Recall that for any random time 7, the stopped process X' is submartingale. Hence EX; > EXj.
Since T is a stopping time, we see that for the event {7 =k} forany k < N

E[XNL o} |Fi] = Xl (z=py = XeLir—p)-

Since T < N almost surely, we have the following almost sure inequality Xy = le(\lzl Xelir—fy- Result
follows by taking expectation on both sides, using linearity of expectation, and applying tower property
of conditional expectation. That is, EXy = EY; Xn1 g = EXRL Xel gy = EXq. O

Definition 1.2. Consider a discrete random process X : (2 — RZ" adapted to the filtration Fo = (F, C

F:neZ"). Let Ny 2 0. For the two thresholds a < b, we define the stopping times corresponding to
kth downcrossing and upcrossing times as

Noj_1 2inf{m > Ny_»: X;y < a}, Nox £inf{m > Ny_1 : X = b}.

We next define the indicator to the event that the process is in kth upcrossing transition from a to b at

time m, as HY, 2 1 (Ny_, <m<Ny}- and the indicator to the event that the process is in some upcrossing
transition from a to b at time m, as

Ny k _
Hp = Z Hy, = Z LNy <m<Ny}-
keIN keIN

The number of upcrossings completed in time 7 is defined by

Uy, £sup{k € N: Ny <n} = Z LNy <n}-
keN

Remark 1. For each k € IN, the kth downcrossing time Np;_1 and the kth upcrossing time Ny, are inte-
ger stopping times. Hence, we have HX, = {No;_; <m < Ny} = {Ny_1 <m — 1} N {Ny <m —1}° €
Fpu_1. It follows that o(HE,) C F,,_; for each k € N. Further, since H;, = Yy HY, and addition is a
Borel measurable function, it follows that o(H,,) C F,_1. Hence, the event that the process X is in
an upcrossing transition at time m is predictable. Further, we notice that the indicator H,, € {0,1} is
nonnegative and bounded. Since Ny = 0, it follows that the first downcrossing time N; > 1 and H; = 0.

Lemma 1.3 (Upcrossing inequality). Let X : Q — RN be a submartingale adapted to a filtration Fo. Then,
we have (b — a)BU, <E(X, —a)™.

Proof. Define a random sequence Y : () — RN foreachn € N,as Y, £a + (X;, —a)™ = X, Va. Since X
is a submartingale adapted to F, and the map x — f(x) = x V a is convex and nondecreasing, it follows
that Y is also a submartingale adapted to F,. By definition of (H - Y),, exchanging order of summation,
the fact that ]l{mgn}H’,; = LNy <m<NyAn} = H,’;IL{NZIC@}, and observing that each upcrossing has a
gain lower bounded by b — a, we obtain

N2k Uy,
(H Y=Y Tmeny 1 HuYn =Y 1) 2 Y Ungeeny 2, Y= Yo1) = 3 (Yay — Yoy ) = (b —a)Un.
melN keN keN m=Np,_1+1 k=1



LetK,, £1 — H,, for each m € N. From the telescopic sum, the definition of H, K, and (H - K), we obtain

n

Yu—Yo=) (Yi—Yi4)=
i=1 j

(Hi +K)(Y; = Yio1) = (H-Y)n + (K- Y)p.

™=

Il
_

Since H is predictable, then so is K with respect to F,. Further, both H:Q — {0,1}N and K: Q — {0,1}"
are nonnegative and bounded sequences. It follows that since Y is a submartingale, so are sequences
(H-Y)p:n€Z%)and ((K-Y),:n € Z"). Therefore, we can write

E[(K-Y)u] ZE[(K-Y)1] = E[Ki(Y1 — Yo)] = E[Y1 — Yo] > ~E(Xp —a)".
Therefore, it follows that
E(Y, —Yo) =E(H - Y), + E(K-Y)y > E(H-Y)y — E(Xo—a)* > (b — a)EU, — E(Xo —a)*.
The result follows from the fact that EY,, — EYy =E(X, —a)" —E(Xo—a)™. O

Theorem 1.4 (Martingale convergence theorem). Let X : Q — RN be a submartingale adapted to filtration
Fo. If sup, . NEX,T < oo then (a) lim,en Xy, = Xoo a.5. and (b) E | Xeo| < co. That is, X converges almost surely
and in mean.

Proof. We will show this in two parts.
(a) To show that lim, ¢ X, exists almost surely, we show that limsup, .y X, = liminf,cn X;; almost
surely. From the density of rationals in reals, it suffices to show that

P( |J {liminfX, <a<b<limsupX,} | =0.
a,beQ

To this end, it suffices to show that P {X, <a and X, > b infinitely often} = 0 for any a,b € Q. We
fix a,b € Q, and observe that U, is the number of upcrossings until time 7, then it suffices to show
that limsup,, . Uy, is finite almost surely. To this end, we observe that (X —a)* < X* + |a|, and
hence it follows from the upcrossing inequality and the theorem hypothesis that

EX;"
sup EU, < sup EX, + al

< 0
nelN nelN b—a

That is, even though the number of upcrossings U, increases with 1, the mean [EU,, is uniformly
bounded above for each n € IN. Hence, lim,c EU,; exists and is finite. From monotone conver-
gence theorem, we have Elim,cn U, = lim,en EU,. We define U £ lim, e Uy, and since EU <
sup,, EU, < oo, it follows that U < co almost surely.

(b) Since Xo £ lim,cpn X, exists almost surely, to show the convergence in mean, it suffices to show
that lim, N EX,, = Elim, e Xy,. It suffices to show that E | X« | < 00, then the result would follow
from the application of dominated convergence theorem to exchange the limit and expectation. To
this end, we observe EXJ, < liminf,cNEX, < oo from Fatou’s Lemma, that X, < co almost surely.
Further, we have EX; = EX, — EX, < EX;l — EXj from the submartingale property of X. From
this propety and application of Fatou’s lemma to the sequence (X, : n € IN), we get

EX,, <liminf,enEX, <sup,.nEX; —EX( < co.

This implies Xo > —o0 almost surely, completing the proof.

2 Martingale concentration inequalities

Consider a discrete time filtration Fo = (F, C F: n € IN) defined on a probability space (Q,F,P). Let
X : Q — RN be a random sequence and 7 : Q) — IN a stopping time, both adapted to the filtration F.

Remark 2. Recall that for a submartingale X and a stopping time T bounded above by #, both adapted
to the same filtration F,, we have EX; < EX; <EX,,.

Theorem 2.1 (Kolmogorov's inequality for submartingales). For a non-negative submartingale X : (3 —
RN and a > 0, we have P {maxie[n] X; > a} < %.



Proof. We define a random time 7, 2 inf{i € N : X; > a} and stopping time T £ 7, A . It follows that,

{maxXi > a} =Ujem {Xi > a} = {X; >a}.
ie(n]

Using this fact and Markov inequality, we get P {maxie[n] X > a} =P{X;>a} < %. Since T < n is
a bounded stopping time, the result follows from Remark 2} O

Corollary 2.2. For a martingale X adapted to F, and positive constant a,

E|X EX2
P{maxXi|>a}<|a”|, P{max|X,~|>a}g azn.

ie[n] ie[n]

Proof. Since X is a martingale adapted to F,, and maps x — |x| and x +— x* are convex functions, it
follows that (|X,|:n € Zy) and (X2 :n € Z,) are nonnegative submartingales adapted to F,. The
result follows from and Kolmogorov’s inequality for submartingales. O

Theorem 2.3 (Strong law of large numbers). Let S: Q) — RN be a random walk with i.i.d. step size X having

finite mean y. If the moment generating function t — M(t) £ Ee'X exists for all t € Ry, then lim,eN % =u
almost surely.

Proof. We fix e > 0.
(a) We define the following two maps for all t € R,

a et(ute) N etn—e)
t—g(t) = M) t'%f(t)—m-

Since M(0) = 1, it follows that ¢(0) = f(0) = 1. From the fact that M(0) =1 and M'(0) = u = EX;,
we obtain
10y — M(0)(p +€) — M'(0)

=€e>0, f(0)=—€e<0.

Hence, there exists fo, 1 > 0 such that g(tg) > 1> f(t1).
(b) We define random sequences Y,Z : () — ]R]f for each n € N as

N etgsn n etOXi N etlsn n etlxi
Y = = —, Z = = .
T M (tg) 1 M(to) T M () TM(ty)

1

i=

We observe that Y, and Z,, are a product of independent nonnegative random variables with unit
mean, and hence are nonnegative product martingales with lim, EY,, =lim,EZ, = 1.
(c) We next show that P{S,/n > u + ei.0.} =0. To this end, note that

{i;}y%—e}g{z\/i?)n >g(t0)"}={Yn >g(to)"}. @)

By martingale convergence theorem, the limit lim, iy Y}, exists, is finite, and has mean unity. Since
g(to) > 1, it follows from (I)) that

0= P{Yy, > g(tp)" infinitely often} > P{S,/n > u + € infinitely often} > 0.

(d) Similarly, we can show that P{S, < n(y —¢€) i.0.} =0. Wenote that {S,/n <pu —e} C{Z, < f(t1)"}.
By martingale convergence theorem, the limit lim,c Z;, exists, is finite, and has mean unity. Since
f(t1) > 1, it follows that

0= P{Z, < f(t1)" infinitely often} > P{S, /n < u — € infinitely often} = 0.

(e) The result follows from combining both these results, and taking the limit of arbitrary € | 0.



2.1 Generalized Azuma inequality

Lemma 2.4. Consider a random variable X : Q) — [—«, B] with mean EX = 0, and any convex function f : R —
R. Then,

B o
Ef(X) < g f -0+ i

f(B)-

Proof. From convexity of f, any point (X,Y’) on the line joining points (—«, f(—a)) and (B, f(B)) is

Y = f(—a)+ (X—l—tx)w > f(X).

Result follows from taking expectations on both sides. O

Lemma 2.5. For 6 € [0,1] and 6 2 1 — 6, we have 0¢%* + Ge=0% < ¢¥'/8 for all x € R.

Proof. We define a =26 — 1,8

and a map f(a,B) £ coshp + asinh p — e*+F*/2 for all a € [—1,1]

A x
21,
and B € R. We observe that f(«,0) =0 and

Qeéx + fe—0x _ ex2/8 _ (1 '; "‘)e(lflx)ﬁ + (1 ; 0‘) e~ (Ha)p _ 6/32/2 _ eilxﬁf(tx,ﬁ).

We observe that f(«, ) < 0 for || = 1 and sulfficiently large . We will show that there are no stationary
points for f(«, ) other than « = 0 or B = 0, which implies that f(«, ) < 0forallw € [-1,1] and B € R.
To find the stationary points of f(«,B), we take the partial derivative with respect to variables « and §,
equate them to zero, and obtain

sinh + acoshf = (a + ,B)e"‘ﬁ*ﬁz/z, sinh g = IBg‘"l”ﬁz/z.

If B # 0, then the stationary point satisfies 1 + acothf =1+ %, with the only solution being B = tanh 8
for & # 0. By Taylor series expansion, it can be seen that 8 = 0 is the unique solution to this equation. [

Proposition 2.6. Let «,f,a,b > 0. If X a zero mean martingale adapted to filtration Fo such that X, — X,,_1 €
[—a, B] for each n € N, then

__8ab

P( Unen {Xn = a+ bn}) <e @, @)

Proof. Let Xp =0and ¢ > 0.

(a)

We define a random sequence W : Q) — RN for eachn € Z, as W, £ ef(Xn=a=bn) We will show that
W is a supermartingale adapted to the filtration F,. We fix n € IN. Since X is adapted to F, and W, is
a deterministic function of X,,, it follows that c(W,) C ¢(X,) C F,,. We observe that |W,| = W, and
EWp = e < 1. Writing W,, = W,,_je~%ec(X»=Xu-1) and taking conditional expectation on both
sides, we obtain

E[W, | 1] = Wy_1e”PE[ecXn=X1) | 57, ). ©)
Applying Lemma [2.4] to the convex function f(x) = ¢ and conditionally zero mean random vari-
able X,, — Xn — 1 € [—a, B], replacing expectation with conditional expectation, the fact that E[X,, —
)}(1,1,1 | F,-1] =0, and applying Lemmato 6= ﬁ €[0,1] and x = c(a + B) € Ry, we obtain
that

—ca cB B _
E[ec(Xn=Xn-1) |5, _1]<L - x fﬁae* — Goc(@+B)0 | geclatP)d o (atp)*/8, (4)
CZ 14 2
Setting the value ¢ £ —82 . and substituting (@) in (3), we obtain E[W, | ,,_1] < W,,_je~ "+ R

(atp)*’
W,,_1. Thus, we have shown that W is a supermartingale adapted to F.

Since W is a nonnegative random sequence and a supermartingale, we recursively obtain that
E|W,| = EW, < EWy <1 for all n € N. For a fixed positive integer k, we define the following
bounded stopping time T £ inf {n € N : X,, > a + bn} Ak, such that {Xr >a + bt} =Us_ {X, >a+ bn}.
Thus, from the definition of W, application of Markov inequality and optional stopping theorem,

and supermartingale property of W, we get

___8ab

P(Uﬁzl (X, > a+bn}) = P{Xe>a+bt)=P{W;:>1} <E[W;] <E[Wo] =¢ @ =¢ @7

Since, the choice of k was arbitrary, the result follow from letting k — co.



O

Theorem 2.7 (Generalized Azuma inequality). Let «,8,c > 0and m € Z .. If X is a zero mean martingale
adapted to F such that X, — X,_1 € [—w, B] for each n € N, then

_ 2mc? _ 2mc?

P( Unzm {Xn > ”C}) Se @7, P( Unzm {Xn < —”C}) <e @7,

Proof. We fix m € Z,n > m and define a = ",b £ §. It follows that {X, > nc} C {X, > a+ bn}. Ap-
plying Proposition[2.6|to zero mean martingale X, we get

)

P(Un>m {Xn >nc}) gP(u@m {Xn >a+bn}) gP(uneN {Xn >a+bn}) <e @h)

) 2mc?

=e ("‘Jrﬁ)z .

DS TN

This proves first inequality, and second inequality follows by considering the martingale —X. O

A Uniform integrability

Definition A.1. A random sequence X : () — RN with distribution function F, £ Fx foreachn €N, is
said to be uniformly integrable if for every € > 0, there is a y. such that for each n € IN

BIXl L op) = [, ldFa() <e

Lemma A.2. If a random sequence X : QO — RN is uniformly integrable then there exists a finite M such that
E|X,| < M forall n € N.

Proof. Let y1 be as in the definition of uniform integrability. Then

E|X,| :/ Ix|dEy (x) + |x|dF, (x) <y1 + 1.
|x|<y1 |x[>y1
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