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1 System Model

Consider a variant of the coupon collection problem, where there are R
replicas each for balls of V different colors. There are B bins, and each can
store K balls, such that V R = BK. In each round, one can sample one
of the B balls uniformly at random, independent of past rounds. A person
collects a ball from the sampled bin if it has a ball with a color distinct from
all the ones it has already collected. If the bin doesn’t have any such ball
to offer, the round is wasted. We stop after all distinct V colors of balls are
collected.

We denote by Φ : [V ] → P([B]) the storage mapping, such that Φv is the
set of bins having balls of color v. Accordingly, S : [B] → P([V ]) is the color
mapping, such that Sb is the set of colors of balls with bin b ∈ [B]. After
collection of ℓ balls of distinct colors, we denote the Iℓ to be the random
set of ℓ collected colors. After the collection of ℓ distinct colored balls, the
choice of color at bin b is denoted by Πb : Iℓ → Sb \Iℓ. Let Tℓ be the number
of rounds to collect the ℓth distinct colored ball after the collection of the
ℓ− 1 distinct colored balls.

Problem 1. Find the optimal storage mapping Φ : [V ] → P([B]) and
collection mapping Π : [B] → P([V ])P([V ]) such that the mean time to collect
all distinct colored balls averaged over all colors 1

V E
∑V

ℓ=1 Tℓ is minimized.
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2 Analysis

We denote the set of bins with uncollected colored balls after ℓ distinct
colored ball collections by U(Iℓ) ≜ ∪v/∈IℓΦv and referred to as useful bins.

The number of useful bins is denoted by Nℓ ≜ |U(Iℓ)| after collecting ℓ balls
of distinct colors. We observe that each bin can be chosen with a uniform
probability on each round. However, after collection of Iℓ colors, sampling a
bin in [B] \U(Iℓ) leads to wasting of a round. It follows that the number of
rounds Tℓ+1 to collect (ℓ+1)th ball of distinct color is geometric with mean
B
Nℓ

. It follows that the mean time to collect balls of all colors is

1

V
E

V∑
ℓ=1

Tℓ =
1

V
E

V∑
ℓ=1

E[Tℓ | Iℓ−1] =
B

V
E

V−1∑
ℓ=0

1

Nℓ
. (1)

We observe that the expectation is over the randomness in choice of subset
of colors Iℓ that depends on the storage mapping Φ and the color choice
function Π.

Example 1 (Identical replicas at each bin). Consider the case when V = B
and R = K, and each bin has all R balls of the same color. In this case, we
can assume without any loss of generality that Φv = {v} for all v ∈ [V ] and
Sb = {b} for all b ∈ [B]. Further, we have U(Iℓ) = [V ] \ Icℓ . It follows that
the mean collection time is

V−1∑
ℓ=0

1

V − ℓ
.

We have Iℓ ∈
([V ]

ℓ

)
≜ {S ⊆ [V ] : |S| = ℓ} with uniform probability, and hence

we note that the mean collection time is independent of the color choice
mapping Π. In addition, we observe that Nℓ reduces by a unit amount after
every collection, and hence this is not a good storage scheme.

In general, we would focus on storage maps that allocate distinct colors
at each bin. In this case, we have

Φ : [V ] →
(
[B]

R

)
, S : [B] →

(
[V ]

K

)
, Sb ≜ ∪v∈[V ](Φv ∩ {b}).

Lemma 1. The mean collection time for V balls of distinct colors is lower
bounded by

1

V
E

V∑
ℓ=1

Tℓ ⩾
BV

E
∑V−1

ℓ=0 Nℓ

.
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Proof. From the AM-HM inequality in (1), we observe that

1

V
E

V∑
ℓ=1

Tℓ =
B

V
E

V−1∑
ℓ=0

1

Nℓ
⩾ BE

V∑V−1
ℓ=0 Nℓ

.

From the convexity of the map x 7→ 1/x, and the application of Jensen’s
inequality to this convex map, we obtain

E
V∑V−1

ℓ=0 Nℓ

⩾
V

E
∑V−1

ℓ=0 Nℓ

.

Instead of minimizing the mean completion time, we focus on minimizing
its lower bound, which is equivalent to maximizing the mean number of
useful bins. We ask the following simpler problem.

Problem 2. Find the optimal storage mapping Φ : [V ] →
([B]
R

)
and collec-

tion mapping Π : [B] →
([V ]
K

)([V ]
K )

such that the mean number of distinct

colors averaged over all colors 1
V E

∑V−1
ℓ=0 Nℓ is maximized.

Example 2 (Cyclic shifted storage). Consider the case when V = B and
R = K and Φv = {v, v + 1, . . . , v +R− 1} for all v ∈ [V ] where the addition
is modulo V . In addition, we observe that Nℓ reduces by unit amount after
every collection, and hence this is also not a good storage scheme.
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