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(k , k) fork-join system

(k , k) fork-join system

The task departs from the system on completion of all k sub-tasks
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Distributed Computing

Importance

This system is a critical building block in the job processing
workflow of many data center services including web search, social
networking, and big data analytics, that constitutes a major part of
job processing time and hardware cost. For example, MapReduce
used in large-scale data processing frameworks.

Challenges

▶ Heterogeneous environment - slow and fast servers

▶ Optimization of task completion time is crucial to maximize
efficiency and resource utilization.
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Load balancing

Splitting workloads

▶ Objectives: reduce completion time and energy consumption

▶ Observations: queue lengths, arrival and service statistics
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Redundant computing

▶ Performance improvement due to parallel processing
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Related Works

Load balancing strategies in homogeneous system

▶ Without sub-division of tasks [M. Mitzenmacher et al.,
2001], [U.Ayesta et al., 2019], power-of-d variants

▶ With sub-division of tasks [A.Badita et al., 2019] [R.Jinan
et al., 2022],

Load balancing strategies in heterogenous system

▶ Without sub-division of tasks[Der Boor et al., 2021], [Jaleel
et al., 2022]: power-of-d variants

▶ With sub-division of tasks: Our work
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Probabilistic Scheduling

Objective

Find the optimal selection probability that minimizes the mean
task completion time
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Key contributions

▶ Establishing asymptotic independence of the stationary
workload distribution in a heterogeneous server system with
two classes of heterogeneity

▶ Analytical computation of the limiting mean task completion
time for systems with an arbitrarily large number of servers

▶ Providing an upper bound on the limiting mean response time
and identification of the probability selection parameter ps
that minimizes this bound
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Parallel Compute with Heterogeneous Service
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System Parameters

Random number of slow and fast servers
The probability of selecting ks slow and k − ks fast servers for any
task

q(ks) =

(
k

ks

)
pkss (1− ps)

k−ks .

Arrival rate at individual servers
The arrival at each server is a thinned Poisson process with the
arrival rate at slow and fast servers are

λs ≜
λn

k

(kps
nfs

)
=

λps
fs

, λf ≜
λp̄s

f̄s
.
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Performance metrics

Sub-task completion time

The sub-task completion time at server j is denoted by

Ti ,j ≜ Wi ,j + Xi ,j
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Performance metrics

Task completion time

Ti ≜ maxj∈I i Ti ,j
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Asymptotic Independence

Asymptotic independence of workload at any k queues for a large
number of servers
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Asymptotic Independence

Theorem
If πk , π̂k are the equilibrium distributions for workloads in the first

k = o(n
1
4 ) servers of systems S and Ŝ respectively, the total

variation distance

lim
n→∞

dTV(π
k , π̂k) = 0
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Asymptotic Independence

When k(n) =
[
n

2
3

]
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Figure: System with fs = 0.5, λ = 1.2, (µs , µf ) = (0.5, 2.5).
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Mean task completion time
▶ Recall that Ti = maxj∈I i Ti ,j

▶ Under asymptotic independence at stationarity, we have

P {Ti ⩽ x} =
∏
j∈I i

P {Ti ,j ⩽ x}

▶ Identical sub-task completion time distributions at
stationarity: Ls for slow and Lf for fast servers

E[T ] =
k∑

ks=0

(
k

ks

)
pkss (1− ps)

ksLs(x)
ksLf (x)

k−ks

Mean task completion time

Under asymptotic independence, we have

E[T ] =

∫
x∈R+

[1− (psLs(x) + p̄sLf (x))
k ]dx
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Bound on Mean Task Completion Time

Upper and Lower Bound

▶ Average smaller than maximum smaller than sum, i.e.

1

|I i |
∑
j∈I i

Ti ,j ⩽ max
j∈I i

Ti ,j ⩽
∑
j∈I i

Ti ,j

▶ Mean of sum of sub-task completion times

lim
i→∞

E
∑
j∈I i

Ti ,j = kps

∫
x∈R+

L̄s(x)dx + kp̄s

∫
x∈R+

L̄f (x)dx

▶ For general service times

lim
i→∞

E
∑
j∈I i

Ti ,j =
kps
λs

(
ρs +

λ2
sEX 2

s

2(1− ρs)

)
+

kp̄s
λf

(
ρf +

λ2
f EX 2

f

2(1− ρf )

)
,

where the load ρs = λsEXs < 1 and ρf = λf EXf < 1.
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Optimal slow server selection probability

Minimizing mean task completion time

▶ Find optimal probability p∗s that minimizes ET difficult to
compute analytically

▶ Find probability p̂s that minimizes both the upper and the
lower bound

▶ Approximate p∗s by p̂s

Exponentially distributed sub-task completion times

p̂s =

0, λ ⩽ τ1,
1− τ1

λ

1+ f̄s
fs

√
µf
µs

, τ1 ⩽ λ < µs fs + µf f̄s .

where τ1 ≜ f̄s(µf −
√
µsµf )
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Slow server selection probabilities
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Figure: System with (µs , µf ) = (2, 2.5).
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Variation with the fraction of slow servers fs
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Figure: System with n = 103, k = 10
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Deterministic Scheduling

Deterministic selection
Select ks slow and k − ks fast servers

Theorem
The optimal selection probability of slow servers, converges to

lim
k→∞

p∗s =
k∗s
k
,

where k∗s is the optimal deterministic selection of slow servers. The
optimal probability of choosing ℓ servers converges to

lim
k→∞

q(ℓ) = 1{ℓ=kp∗s }.
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Mean number of slow servers

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9 2.1
0

10

20

30

40

Arrival rate λ

O
p
ti
m
al

n
u
m
b
er

of
sl
ow

se
rv
er
s
k
∗ s

k∗
s

kp∗s
kp̂s

Figure: System with n = 103, k = 100, fs = 0.5, (µs , µf ) = (2, 2.5).
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Comparison with other Load Balancing Policies
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(a) n = 102, k = 10
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Figure: System with fs = 0.5, (µs , µf ) = (0.5, 2.5)
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Conclusion

▶ We show that the joint distribution of the stationary workload
across k queues becomes asymptotically independent as the

number of servers, n, grows and k = o(n
1
4 )

▶ We derive an upper and lower bound on the limiting mean
response time and identify the selection probability, ps , that
minimizes this bound

▶ Numerical experiments confirm that the selected probability
provides near-optimal performance
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